The analytical development of an equation that allows representing the general behavior of electrochemical cells and, in particular, proton exchange membrane fuel cells is presented in this work. The statement from which the proposed equation emerged was made by Rysselberghe where electrolytic cells work as power supply and around which an electrical current moves out of equilibrium. The data used to test the equation were taken from discharged slopes of PEM fuel cells constructed in the Institute of Scientific and Technical Research for the Defense with researchers from the Army Engineering Faculty and from literature. The equation = (2 − ) makes it clear that the relative power ( ) is a quadratic function of the relative current ( ) and shows a correlation coefficient close to 0.99 with respect to the experimental results of all data analyzed. It is important to remark that the parameters by which the prototypes were constructed were different: the amount and type of catalysts used, the active area, the material of bipolar plates, the type of electrolyte, the number of unit cells, and the different working conditions. In all cases and in spite of all the differences, which are very significant, the parametric equation proposed fits very well.
Introduction
This research work presents and discusses the analytical development of an equation that allows representing the general behavior of electrochemical cells and its direct application. In particular, this work presents examples of proton exchange membrane fuel cells (PEM).
Therefore, the system is described in order to express through a mathematical equation, the behavior of an electrochemical cell that functions as a source of electrical energy. The simplest system consists of two terminal electrodes of electronic conduction immersed in an electrolytic media. The electrodes are frequently metallic, as they are proposed in this analysis, but they may not be. If the electrodes are of different metals, it is convenient to weld one terminal of the same material of one electrode to the other. That has the purpose of measuring the potential difference, in the external circuit, which is the Volta electrical potential. The electrical potential is the necessary work to bring a unit charge from an infinite distance up to the surface of the phase [1] . Figure 1 shows a diagram of this electrochemical cell.
The electrolytic solution provides the media where the reactions, of redox type, take place. The exchange of electric charge involves the electrodes, at least partially. The electrode, where the reduction reaction takes place, receives by convention a positive sign, while the other electrode is assigned a negative sign.
If that electrochemical cell is found out of equilibrium, irreversible phenomena will occur. This fact is evidenced by the appearance of a flow of charges in the external circuit, which is represented by the current density, measured in amps per square centimeters, i (A/cm 2 ); and the appearance of an electrical potential difference is measured in volts, E (V). In the case of the current density, the variable measured is the current intensity which is an amps unit, I (A). The electrical potential is dependent on the current density (quantity and sign of the excess charge) and is denominated as E (I). The potential difference that corresponds to E (I = 0) is the potential difference at equilibrium. The difference between both potentials (E (I) and E (I = 0)) is denominated as polarization or overpotential, measured in volts, (V). This polarization is associated to the internal heat, which has, Joule, (J) per unit of measure. The current density is i = I/S, where S is the surface of the electrodes in square centimeters (cm 2 ), establishing that both of them have the same area.
From DeDonder and P. Van Rysselberghe, it can be established that, in a closed system [2] 
Van Rysselberghe introduced a kind of Joule's effect as a consequence of irreversibility. It is produced by the passage of current through the internal resistance, R (measured in Ohm, Ω), between the electrodes of the cell:
Equaling the equations proposed above, the following is obtained:
Replacing the polarization by its own definition,
Defining a geometric element f = S −1 and replacing the product of the potential difference multiplied by the current density as useful power of the cell, represented by and measured in Watt, the following is obtained:
The equation expressed above implies that the useful power is a quadratic equation in the current intensity and, according to the assumptions, in (1) and (2) it will be valid for any source of electrochemical energy, coming from galvanic cells.
As far as E (I = 0), R and are constant and the power is a quadratic function of the current intensity obtained by the cell. In the particular case when it is used as a variable of the real current intensity, then the requirement is reduced to E (I = 0) and R.
Initially, E (I = 0) is assimilated to the reversible Nerst's potential, because it obeys the established condition. Thus, it will be a function of the redox pair, the concentration (the activities of reagents and products of the particular electrochemical reaction), the temperature, and the number of exchange electrons per mol, in the electrochemical reaction.
In the case of fuel cells, the expressions (4) and (5) can be used in a wide range of operations, as long as the supply of fuel and comburent in Nerst's equation, as well as, temperature are ensured. This example is supported by a large body of literature on the subject.
As (5) is a quadratic equation, with constant coefficients, it can be expressed as a function of the maximum values, with the purpose to be independent of the surrounding conditions that determine the corresponding, stationary state.
is the maximum power that can be reached when the intensity is I , if these factors are replaced in (5):
Just like the useful power the maximum power has, the Watt as unit and the maximum current intensity, the amp, as the current intensity. Using the properties of the quadratic function the following is obtained:
and
Define relative variables like relative power and relative current intensity as = P/ and = I/ , respectively. These new, relative variables, as can be observed, are dimensionless.
Replacing these relative variables in (5), the following is obtained:
If in the last equation, the relative parameters are replaced, it is simplified and then I r is determined as a common factor, the following is achieved:
Reorganizing the obtained equation (10) , this is obtained:
[3]. Equation (10) is equivalent to (5) but in the former, a universal constant appears and it can be valid whatever Journal of Renewable Energy 3 conditions are set, having into account that during all the experiment said conditions have to be constant. To prove its validity and with the purpose of showing a reliable number of samples, the results obtained in different experiments carried out with prototypes developed and built in our laboratory will be exhibited. Data taken from literature were also used.
Materials and Methods
The construction of the fuel cells is carried out entirely in different departments of the Institute of Scientific and Technical Research Institution for the Defense (CITEDEF Instituto de Investigaciones Científicas y Técnicas para laDefensa) and with researchers from the Army Engineering Faculty (Facultad de Ingenieria del Ejercito, Escuela Superior Tecnica Grl. Manuel N. Savio). The fuel cells are tested with equipment belonging to the latter Institution. The heart of the fuel cells is the membrane electrode assembly (MEA) that consists of the membrane, the catalyst layer and the gas diffusion layer (GDL). The membrane used to construct the MEA is an acid perfluorosulfonic membrane, developed by Dupont, the Nafion5. The majority of the prototypes analyzed in this work possess Nafion5 115 and the minority Nafion5 117. The catalyst layer is obtained from platinum supported in graphite (EC-20 PTC 20% Pt, ElectroChemInc). The platinum concentration at the layers that form the MEA is 0.5 mg/cm 2 . Two different active surface areas were used, in the prototypes analyzed in this work, 16 cm 2 and 100 cm 2 . With the objective to obtain the maximum hydration grade in the membrane, that is to say, the maximum content of water per sulfonic group, the membrane was conditioned by a chemical and temperature treatment. This treatment consists of several steps [4] [5] [6] [7] :
(i) The pieces of membrane were cut in the correct size, depending on the active area.
(ii) The pieces were immersed in a solution of hydrogen peroxide 3% (Cicarelli, Pro-Analysis) at approximately 90∘C, during 45 minutes or until the membrane becomes colorless.
(iii) After this step the pieces were washed with distilled water to eliminate the excess of hydrogen peroxide solution and the possible contaminants present.
(iv) The pieces were immersed in a solution of nitric acid 0.5 M (Anedra, Analytical Reactive), during 3 hours at approximately 90∘C.
(v) Then the pieces were placed in distilled water during 10 minutes to eliminate the excess of acid and then, (vi) They were immersed in distilled water free of acid at approximately 90∘C during 3 hours.
On a 16 or 100 cm 2 plate of Toray carbon paper water proofed by polytetrafluoroethylene (PTFE), a paint was applied, consisting of an heterogeneous mixture of carbon black Vulcan (Fuel Cell Earth LLC), dust of polytetrafluoroethylene (3M), and Conductive Carbon Cement (Leit-C) in a relation between solid of 5/1 in the mixture and with equal parts of isopropyl alcohol (Cicarelli, Pro-Analysis) and ciclohexane (Raudo, Analytical Reactive). The system (mixture) is placed in a mixer mill MM 301 (RetschGmbH) during one hour and a half with agitation of 15 cps to ensure a good dispersion of the solids present. It is named as GDL paint.
When the GDL paint is ready, two consecutive layers of paint are applied on one of the Toray carbon papers, allowing drying of the first layer before the application of the second one. After this operation, the carbon paper is put in a vacuum oven (O.R.L. Hornos Eléctricos) with the purpose of eliminating the rest of the mixture of solvents and then, the temperature is raised to 350 ∘ C, leaving the carbon paper inside the vacuum oven during a period of 30 minutes. The Toray carbon paper is allowed to cool with the purpose of applying a second type of paint, the catalyst paint. This catalyst paint consists of platinum supported on graphite 20% (EC-20 PTC 20% Pt, ElectroChemInc), perfluorosulfonic acid-PTFE copolymer 5% w/w (Alfa Aesar) and isopropyl alcohol in a relation 7/1 weight of disperse solids. This paint is prepared in nitrogen atmosphere and then mixed with a mixer mill MM 301 (RetschGmbH) during 1 hour and a half at 15 cps.
The catalyst paint is applied in successive coats (four) allowing drying between applications. This paint is placed on the layers of the GDL paint (which was described above). When the last layer of the catalyst paint is dried, the carbon paper is compressed at 0.1 Ton/cm 2 pressure, with a heated press, at 135 ∘ C during 5 minutes. The selected temperature is the glass transition temperature of the Nafion5 polymer. The carbon papers with this treatment, then, are submitted to the following treatment.
The carbon papers are immersed in a nitric acid solution 0.5 M (Anedra, Analytical Reative), during 3 hours at approximately 90 ∘ C. Then the carbon papers are immersed in distilled water during 10 minutes to eliminate the excess of acid. To conclude with the treatment, the carbon papers are immersed in distilled water free of acid at approximately 90 ∘ C during 3 hours. At that point, the carbon papers are ready for the battery assembly.
The membrane electrode assembly is the part of the fuel cell where the power/energy is produced, and certain types of components are necessary to allow the effective operation of the heart of the cell. These components are the gaskets and the bipolar plates. The gaskets provide a hermetic seal to the MEA with the goal of preventing the fuel and comburent gasses from escaping. The bipolar plates, among other important functions, allow adding unit cells to the stack and provide the channels to address the fuel and comburent. The bipolar plates of the fuel cell developed in our laboratory are made of titanium. These plates are recoated with the layer of gold by physical vapor deposition technique (VPD). The topology that bipolar plates present, in our prototypes, is straightparallel.
Results and Discussion
With the purpose of verifying the validity of the proposed equation: / = 2 -, a reliable number of samples was analyzed to probe validity but the first samples exposed were experiments carried out with fuel cells developed and constructed in the laboratory. The experiments were carried out under different experimental conditions. Figure 2 shows the graphical representation of power as a function of current intensity of three fuel cells, which have 16 cm 2 as active area and a different number of unit cells: 12, 14, and 18 elements, respectively. The fuel cell of 12 unit cells presents a maximum power of 17 W at a working temperature of 31 ∘ C. The fuel cell of 14 unit cells presents a maximum power of 20 W working at 27 ∘ C and the last fuel cell analyzed was of 18 unit cells, with a maximum power of 27 W at 30 ∘ C. Table 1 presents the construction and operational parameters of fuel cells presented in Figure 2 .
The graphical representation of power as a function of current intensity arises from the polarization curves obtained connecting the fuel cell to an electronic load (Agilent N3301A System DC Electronic Load, 150 V, 60 A). The electronic load is linked to a PC through an acquisition data program. After the verification of the correct functioning of the fuel cell, the operator establishes the parameters of work as the ranges of current. Once the experiment begins the program varies the current at set intervals of current intensity measured in amps, in a certain period of time (that can be between 30 or 60 seconds). In every value of current that the program stays for that period of time, register ten potential values reach by the fuel cell and makes an average, which is the one that is going to be registered in a table, which is in a spreadsheet. This information allows for representation of the polarization curve of the fuel cell under study. From the values of potential obtained and the current intensity applied, the power is calculated. These experimental values (power and current intensity) fit in a quadratic equation for leastsquare. That equation allows obtaining the coefficient values and the correlation coefficient to the respective square. The program constructs the graphical representation of power as a function of current intensity and sets the equation that best represents the curve obtained. Figures 2 and 3 show the graphical representations obtained by the program. Figure 3 is the graphical representation of power as a function of the current intensity for two fuel cells of 100 cm 2 of surface area with 5 and 10 unit cells. These fuel cells were constructed in our laboratory too. The fuel cells present a maximum potential of 67 W and 141 W, respectively, working at 31 ∘ C. Table 2 presents the construction and operational parameters of fuel cells represented in Figure 3 .
Using the equation that emerges from the graphical representation of power as a function of current intensity, it is possible to calculate the relative power and the relative current intensity. As all the fuel cells respond to expression (10) , all the values obtained, regardless of active area, quantity of unit cells, and temperature, can be represented in the same graphic (Figure 4(a) ).
All the values that appeared in Figure 4 (a) correspond to experimental results whose current intensity, I, is less or equal to the maximum current.
Implementing the least-square method to all the values obtained, it is possible to calculate a straight line very near to the equation proposed, as follows: y = − (1.067 ± 0.021) x + (2.038 ± 0.01) The equation obtained, although through the thermodynamics of irreversible process (10) , is no contained inside the error limits calculated by least-squares.
Continuing with the validation of the proposed equation, in this part, data coming from literature were analyzed. From the polarization curves presented in different research articles, the experimental values were estimated. With this information it was possible to reconstruct the graphical representations and the values of Ir and Pr were calculated. For that reason, the values obtained in this way are going to be presented in Appendix A. Figure 5 presents the results obtained for two different PEM fuel cells: one of 70 kW and the other of an active area of 52 cm 2 . Just to show the different working conditions and components of the fuel cells that we analyzed, a brief commentary of these two fuel cells was made (see Table 3 ).
In the Netherlands, more precisely at Delfzijl, a 72 kW pilot PEM Power Plant was installed with the purpose of demonstrating the generation of power with PEM fuel cells in an industrial environment. The hydrogen that feeds the fuel cells is a byproduct of chlorine industry, which is usually disposed of in the form of waste or used for heat production when the neighboring chemical plant cannot use it. Air is ∘ C, hydrogen inlet pressure is about 15 kPa above atmospheric pressure and air is about 10 kPa. A packed column is used to humidify the hydrogen and the air at 60 ∘ C, with demineralized water, previous scrubbing. At working temperature, the relative humidity of both gases is 80% [8] .
In the investigation work of Wang et al., the effects of different operation parameters were tested using a PEM fuel cell with an active area of 52 cm 2 . The membrane electrode assembly consists of Nafion5 115 membrane and the electrodes had a platinum loading of 0.4 mg/cm 2 . Carbon fiber cloth was used as gas diffusion layers and graphite was the material for the bipolar plates with serpentine gas channels. Two gold-plated copper plates pressed the membrane electrode assembly which is positioned between the bipolar plates. Pure hydrogen and air were used as fuel and comburent, respectively [9] . Tawfik et al. developed a carbide-based amorphous metallic coating alloy by densification applied on an aluminum bipolar plate. The bipolar plates were tested in a single cell with 6.25 cm 2 active area at 70 ∘ C. The working pressure of hydrogen and oxygen is 10 psi and the relative humidity is 77%. The power curves obtained during 1000 hours of operation of three different carbide-based coating were analyzed, identified as CrC 2 120, CrC 2 300, and CrC 2 500. These coatings showed excellent durability for harsh corrosive environment and 22% savings in hydrogen consumption. Figure 6 is the graphical representation of the values obtained from the polarization curves presented in Tawfik's research work [10] . Table 4 presents the construction and operational parameters of the fuel cells represented in Figure 6 . Figure 4(b) shows the graphical representation of the values obtained for relative power and relative current intensity for the different PEM fuel cells, taken from the literature, described and analyzed above, using (10) .
That representation shows that independently of the types of components such as concentration of catalysts, electrolyte, To finish the analysis of the equation proposed, the results obtained for a phosphoric acid fuel cell (PAFC) will be presented. Different types of cathode catalysts were studied to show the wide spectrum where this equation can be applied.
Yang et al. presented the polarization curves obtained with different types of cathode catalysts to be used in phosphoric acid fuel cell: 10 wt % Pt/C, 20 wt % Pt/C, and 20 wt % Pt-alloy (Pt-Fe-Co). The results showed that the alloy catalysts provide 60% increase in current density if it is compared with the catalyst of pure Pt. These catalysts were tested in a single cell which has an anode with 10 wt % Pt/C at 185 ∘ C. These polarization curves were analyzed and the results were shown in Figure 7 [11] . Table 5 shows the construction and operational parameters of the fuel cells presented in Figure 7 . Figure 4 (c) is the result obtained for relative power and current intensity applying equation (10) . As can be seen the phosphoric acid fuel cells behaved in the same way as PEM fuel cells with respect to this equation.
In Figure 8 (a), all the prototypes were introduced in the same graphic to show that independently of the characteristic Figure 7 .
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Finally and with the purpose of deciding if the experimental results obtained correspond to values that can be calculated with the equation obtained by thermodynamics of irreversible process, a graphical representation is performed. This representation includes the experimental results of Pr/Ir for every Ir as a function of the values that can be obtained by (10) . The results were shown in Figure 8(b) .
The pairs of values are correlated due to the relation coefficient being higher than 0.99. The experimental values are the same as the ones obtained by (10) , because the representation is a straight line which has a slope that differs very little from the unit.
Conclusions
In this research work we presented the results obtained with two different kinds of fuel cells (PEM and PAFC), and it is important to remark that the parameters by which these prototypes were constructed were radically different. This implies not only the amount of catalysts and types used in the electrodes, but also the active area, the material of the bipolar plates, the type of electrolyte, the number of unit cells, only to name some of them. Apart from that, different working conditions need to be taken into account, such as flow of comburent and fuel and relative humidity of gases and temperature, again to name only some of them. In all cases and in spite of all the differences pointed out before, which are very relevant, the parametric equation proposed fits very well. It is very important to point out that the statistics applied to the data shows that the constants obtained slightly differ from the universal constant expected.
Equation (9) is the predecessor of (10) and this equation also fits well including very important details, such as (a) As it can be seen, it is a quadratic equation of constant coefficients where the independent coefficient must be canceled due to the fact that the power in those conditions, I = 0, is null.
(b) In many cases, the best equation chosen for the fitting experimental data program produces a quadratic equation of two terms but even in the situations where it is necessary to introduce the value of a third term; these values approach cero.
(c) The sign of the equation appears in the same order as it was proposed.
(d) A mathematical analysis of the equation shows that the inverted parabola must be symmetrical around the axis of intensity of maximum power.
Some of the studied cases used semi empirical equation (modelyzations) to fit the experimental values. The values obtained by those data also aligned to the parametric equation Pr/Ir versus Ir, but the coefficients differ from the expected values. Equation (8) in those cases is not asymmetrical parabola around the axis of intensity corresponding to the maximum power. So the real experimental values fit perfectly the equation proposed although the data taken from the graphical representation where semiempirical equations are formulated do not fit in the same way [12, 13] . Work is needed along that line to determine the cause of such behavior.
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